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Active Magnetic Damping Attitude Control
for Gravity Gradient Stabilized Spacecraft

Carlo Arduini* and Paolo Baiocco'
University of Rome “La Sapienza,” 00138 Rome, Italy

The problem of the general formulation of a magnetic auxiliary control strategy for a gravity gradient stabilized
spacecraft is presented. Magnetic torque is orthogonal to the external magnetic field; therefore, it is impossible
to generate precisely the control torque that would be required according to simple control theories, such as the
proportional derivative, model reference, etc. However, it is possible to define the desirable torque first and then
derive from this the actual control torque. Two different criteria are presented for this derivation and a class of
control algorithmsis then formulated, based on the model reference approach. Stability is discussed in general and
specifically for the algorithms. Finally, a comparison among the different proposed strategies and with respect to
another approach known from literature has been performed numerically.

Nomenclature

= Earth magnetic induction magnitude
= Earth magnetic induction field

= cosb;

= Lyapunov candidate function
system energy of roll-yaw motion
orbit eccentricity

= spacecraft gravity gradient torque
= coil current

= spacecraftinertia

derivative gain matrix

= proportional gain matrix
derivative gain

= proportional gain

coil dipole moment

= nondimensionalizedtime

= number of coils

= kinematic matrix

= local vertical unit vector

= coil section surface

sin6;

= spacecraft torque with respect to the center of mass
= spacecraft control torque

= ideal control torque

= spacecraft disturbance torque
attitude vector

undesired control torque

= roll Euler angle

= pitch Euler angle

yaw Euler angle

= Earth gravitational constant

= spacecraftrelative angular velocity
0 = orbital angular velocity

= spacecraftinertial angular velocity
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Subscripts

1 = roll axis component
2 pitch axis component
3 = yaw axis component
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Introduction

HE gravity gradient stabilization and control of spacecraft has

beenconsidereda very attractivemethod since the beginningof
the space era due to its intrinsic simplicity and reliability. However,
the main problem faced to get asymptotic stability is the damping
of the oscillations. The purely passive stabilizationhas been proved
to be rather unsatisfactory; hence, the attention focused on the ac-
tive damping control. Nowadays, the gravity gradient stabilization
procedure has re-emerged for the following applications: 1) control
of very large spacecraft or space stations where the gravity gradi-
ent torque plays a major role with respect to other environmental
torques, 2) the tethered satellite systems where gravity gradient is
one of the main parameters governing the system dynamics, and
3) control of small scientific satellites because of the simplicity,
reliability, and low cost of the gravity stabilization procedure.

The third application is the subject of this work. In this case
asymptotic stability and low cost are achievable only if the active
control is simple and economic, such as with active magnetic con-
trol. This kind of control has been studied, for instance,in Refs. 1-3,
where different active magnetic control strategies have been devel-
oped for gravity gradient stable spacecraft.

The present paper is based on the fact that a systematic approach
to general solution through the magnetic control is still lacking,
and the procedures proposed in the literature are amenable to pos-
sible improvement. Therefore, the following items are developed:
1) general magnetic control algorithms,2) a class of new algorithms
based on a reference model technique, and 3) comparison among
the proposed algorithms and that of Ref. 1.

Equations of Attitude Motion

The active damping control systems proposed are based on three
orthogonal coils along the principal body axes. It is assumed that
the spacecraftis rigid and the determination of the control currents
is the main focus of this investigation. The attitude dynamics of
the spacecraft is given by the Euler equations and the kinematic
equations associated with the attitude parameters used, which, in
this work, are the 2-1-3 sequence Euler angles, with 6, pitch, 6, roll,
and 3 yaw, with respect to an ideal Earth-pointing frame.*~°

The Euler equations of motion around the center of mass of the
spacecraft with constantinertia, are given by

d
J-o')—J-(wxwo)—l—w,XJ-wt—i—J-%:T

(1)
with
)

w, =w+tw

where (') is the time derivative in the body frame (BF); d()/dt is the
time derivative in the inertial frame (IF); wy is the orbital angular
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velocity vector;w; is the spacecraft’s inertialangular velocity vector,
i.e., thevelocity of BF withrespectto IF; wisthe spacecraft’s relative
angular velocity vector, i.e., the velocity of BF with respect to the
stabilized frame; T is the external torque; and J is the inertia tensor.

The external torque T can be expressed as the sum of the follow-
ing:

T=T.+T,+G 3)
with
G=(Gu/RHR xJ R )

where R is the unit local vector directed from the spacecraft to the
Earth center.

By introducing the Euler angles 6,, 6,, and 65 and defining x” =
{61, 6>, 05}, the kinematic equations can be written as

x=Q w 3)
with O defined as follows:
Co, —Sp; 0
Q = So3 /c9| Cos /C9| 0

0350, /Co  CoyS0, [Co 1

Defining r as

r=—J‘(wa0)+thJ‘wt+J‘% (6)

Eq. (1) becomes
Jw=T-r 7
Deriving Eq. (5) and substituting into Eq. (7) yields
¥=Q-w+Q-J' - (T-n @®)

Equation (8) is a convenient formula for simulation purposes. To
design the system it may be conceptually useful to refer to a linear
model. Substituting Eq. (4) into Eq. (3), Eq. (3) into Eq. (1), and
linearizing (see Ref. 4 for details), the spacecraft’s equations of
motion become

0 + 4k 0 + (1 — k)O3 = 701 + Tai
05 + 3ky0, = 2e sin m + 12 + a2 C)
9:;, + k';@'; - (1 - k-;)gl/ =T + Td3

where I, I, and I5 are the principalmoments of inertia with respect
to roll, pitch, and yaw; 7., 7., and t.; are nondimensional control
torques; e is assumed small; and

12_13 II_I'S 12_11

1 Il 2 12 3 1-5 ( )

The derivatives are taken with respect to the nondimensionalized
time m = wyt.

Magnetic Control Torque
Magnetic control is achieved by three mutually orthogonal coils
whosedipolesare alongthe 1,2, and 3 axes of the body. The resulting
torque is

T.=MxB (1

where B is the Earth’s magnetic induction”

Equation (11) states that 7. must be orthogonal to B, which is
a function of the orbital position of the spacecraft. Therefore, only
control torques normal to B are possible. As a consequence, the
generated control torque 7. is generally different from that desired,
T.;, namely,

TL' = TL'i - ATL (12)

Jelt

~ Fig.1 Minimum
B control torque for a
given B.

where AT, is an undesirable component of the control torque.
Two solutions are proposed.
1) Minimize the Euclidean norm of AT,, i.e., || T, — T,;|| = min,
which gives

AT, = (T, - B)B (13)

where B = B/B, with B = ||B||. It is possible to demonstrate
Eq. (13) through a simple geometric construction (Fig. 1). In fact,
given vector B, all T, satisfying Eq. (11) lie in a plane orthogonal
to B. If T,; is defined, the T, vector that has the minimum distance
from T, is obtained by projecting T; to the plane orthogonalto B;
hence, Eq. (13) is obtained.

2) Set two components of T equal to the corresponding compo-
nentsof T'; inthe body axes and obtain the third from the orthogonal-
ity between T, and B, stated by Eq. (11). Two options are proposed
in this case: a) assign components 7,; = T;; and T, = T.;», and
determine 73 from Eq. (11) or b) assign components 7.3 = T3 and
T., = T, and determine 7, from Eq. (11).

Once T,; has been selected and T, has been computed by using
approach 1 or2, itis necessary to compute the dipole moment M that
achieves T,. The minimum [|M || among the solutions of Eq. (11) is
such that M - B = 0. Using this option it is possible to demonstrate,
from Eq. (11), that

M= (BxT.)/B’ (14)
The coil driving current i is given by the equation
i=M/NS (15)

where N is the number of turns and S is the coil section.

The design of a control algorithm is based, first, on the choice of
the ideal torque T'; and, then, on the generation of the actual torque
T. by means of approach 1 or 2. The T,; can be variously defined ac-
cording to different criteria (for instance, proportional derivative in
Ref. 1, angular momentum in Ref. 2). The T; specifically referred
to is assigned with a reference model technique. The subsequent
step, which generates the actual control torque 7., may or may not
present some major characteristics of T,;, such as stability. When
stability is not automatically guaranteed, positive enforcing actions
may be necessary, as will be discussed subsequently. A consequence
of the considerationsmade to date is that a variety of different con-
trol methods may be generated and that an evaluation of their rel-
ative conveniencebecomes very desirable. In the “Results” section
a numerical comparison among a set of possible algorithms will be
presented.

Stability

From the linear theory of torque free gravity gradient stabilized
spacecraft in circular orbits? it is well known that there are four
possible stable equilibrium configurations in the Lagrange zone, all
having the minimum inertiaaxis aligned along the local vertical and
the maximum along the orbit normal. When a control torque is ap-
plied, a practical problem is to locate the region of the spacecraft’s
initial attitudes that guarantees the asymptotic stability. The Lya-
punov theorem states that an equilibrium solutiony = 0 is asymp-
totically stable if it is possible to find a function E(y, t), known as
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a Lyapunov function®® that satisfies the following requirementsin
a neighborhoodn of y = 0:
EQ©,1)=0

E(y,t)>0 vt >0

(16)
E
4 <0

dr

vVt >0

The 1 domain is the stability domain, and y is the state vector.

A natural choice for the Lyapunov candidate function is the me-
chanical energy of the free system. In fact, if it is assumed that the
applied control torque is dissipative, this energy is continually de-
creasing and, due to its additive properties, can always be set to zero
at equilibrium. The only condition that remains to be satisfied is its
positive definiteness.

The system’s mechanicalenergy of the linearized motion is given
by

E = 167 + L,6? 4+ L6} + 40} (I, — 1,)6}
3021 — )02 + w2 (I, — 1,)6? (a7

which is positive definite when the system is Lagrange stable (I, >
I, > I3). Therefore, it is possible to conclude that Lagrange stable
configurations, in the presence of dissipative torques, are stable at
least in an infinitesimal neighborhood of the equilibrium position.

Inthe nonlinearmotionitis possibletotry an extensionof function
(17) by introducing the nonlinear expressions of the Euler angles
and rates. It yields

. . 2 . . 2
E=1 (9269.593 + 91093) + 12(9259. Coy — 91593)
. . 2
+ 1(65 — 62c0,) + (I — L)} (4 — 356,) 52
+ (I = I)3wls? + (I — [Nad[ (1435, — 4s?

+ 3532 S;I )Sg3 + %Sgl 520, Szg_.,] (1 8)

If the configuration is purely Lagrange stable (I, > I} > [3),
a finite stability domain is generally to be expected. A sufficient
stability condition independent of the initial conditions, however,
can be obtained by upper bounding all negative terms and lower
boundingall positiveterms of the last three contributionsof Eq. (18).
This yields
L—-I 9

2 19
L—1,_ 2 (19)

Condition (19) is usually well satisfied for many Lagrange stable
spacecraft. Unfortunately, a purely dissipative control torque hy-
pothesis cannot always be met in practice. In fact, a restoring term,
at least on the yaw angle, is often needed because the gravity gradi-
enttorqueon this axis may be too low to ensureconvenientresponse.
Wheneverthe torqueis notdissipativeper se, itis possibleto impose
dE/dt < 0 by switching off the control in those positions of the
orbit where the control torque would produce an energy increase.
This technique, on the one hand, undermines the control authority
and on the other, avoids instability.

Linear Reference Model Control Method

The idea is to use the theory of the reference model linearizing
feedback® to define an ideal control torque T, that is able to guar-
antee the desired behavior of the system. By referring first to the
linearized equation (9), it is possible to see that the torque

TL-,' =Ax+vx
with
A = —diag{k,, k2, k,3} k,; = assigned proportional gains

ka1 0 k-1
V= — O k,lz O

kq; = assigned derivative gains

decouples the equations by reducing the system to three damped
oscillators. This defines the ideal torque; to obtain the real control
torque, either approach 1 or 2 defined earlier may be followed.

Approach 2 is considered first. In approach 2 roll and pitch can
be assigned,

T = (1 _kl)gj;_kplel —kdl@f T2 = —kp292 - kdz@é (20)

or yaw and pitch can be assigned,

T3 = —(1=k3)0 —k,3605 —kp30;  To = —kjnbr—kgpa0,  (21)

where the proportional and derivative gains k ,; and k,; are assumed
to be nonnegative. The third component of the control torque is a
consequence of the orthogonality condition given in Eq. (11).

Substituting expressions(20) and (21) in the linearized equations
(9), the system becomes

0, +ky0) + [k, + 4k 16, =0

92” + k,,292’ + [kl,z + 3k2]92 - O

(22)
6y + (B /B3)(I1 /13)(1 — k)03 + k303 = (B1/B3) (1, /I3)
X (k161 + kg10)) + (B2/B3) (L / 13) (k205 + ky26,)
6y — (Bs/B)(I3/1)(1 — k3)0] + 4k,6, = (B3/B))(I3/ 1))
X (k305 + ky305) + (B2 /B1) (I /1;) (k205 + ky265) 23)

92” + k,,292’ + [kl,z + 3k2]92 - O
07 + k305 + [ky3 + k3165 = 0

Note that in both systems the damping coefficient of the yaw
equation depends on the sign of the magnetic field component ratio
B,/B; (B, = the roll component and B; = the yaw component of
the magnetic induction vectorin body coordinates); in particular, the
dampingis positivefor B;/B; > 0in Eq. (22) and for B, /B; < 0in
Eq. (23). Therefore, a combined control approach of Egs. (22) and
(23) could be assumed, based on switching according to the sign of
the B;/Bjs ratio, that is, actuate the roll and pitch coils according
to Eq. (20) when B,/ B; is positive, or according to Eq. (21) when
B,/ B; is negative.

The two systems (22) and (23), when consideredindividually,ap-
pear uncoupledand stable for k,,; > 0 and k,;; > 0. When switched,
however, 6, and 65 are bilaterally coupled, because 65 dependson 6,
in Eq. (22) and 0, dependson 6; in Eq. (23). The 6, equation, on the
contrary, maintainsthe same formin both Egs. (22) and (23), and this
ensures its stability under k,, > 0 and k;, > 0. Moreover, the en-
ergy associated with the pitch motion is nonincreasing.The coupled
0,-05 systemrespondsto the excitation due to the pitch motion, but
this excitation does not influence its stability characteristics. There-
fore, the stability of 6;,-6; may be assessed by considering, as the
Lyapunov candidate function, the reduced roll-yaw energy E.,, and
the time variations caused on this function by the 6, -6; dependent
part of the right-hand term of Egs. (22) and (23).

Namely, the roll-yaw energy can be defined for system (22) as

Ey, =10} + L7 + I, (4k, + k,1)0% + L3k;603
A similar expression for system (21) is
E. =107 + L67 + 14k\6] + L(ks + k,3)6;

The variations of these energies due to the 6, -5 dependent excita-
tion terms are, respectively,

1dE,,
2 dm

2 Bl 22 Bl / /
=—I| k6 + B_(l — k1O — F(kzllel + k,161)6,
3 3

(24)



120 ARDUINI AND BAIOCCO

and

1dE,,
2 dm

72 B'5 72 B“ ’ ’
= I;| —ky305" + F(l —k3)0° + F(k,,393 + k,363)6,
1 1

(25)
A sufficient stability condition is easily derived when the refer-
ence gain is purely derivative, i.e., k,; = k,3 = 0. In this case the
derivative of the roll-yaw energy is negative definite when
kqi < 4(Bs/B1)(1 — k1) kay > 4(B1/B3)(1 — ks)
A variant of the method is obtained by defining variable gain
coefficients as follows:

Klll :kllllB3/BI| KIIZ :k112|B3/BZ|

(26)
K, =k, |Bs/B| K, =k, Bs/By|
when B;/B; > 0 and
K3 = kq31 B,/ Bs] Ky, = kgr| By /By |
(27)

K3 = k3B, /Bs| K, =k,n|B /B
when B,/B; < 0.

In this case the stability conditions are independent of the mag-
netic field ratios and the following constraints shall be met:

klll < 4(1 - kl) and kllZ > 4(1 - k-;) (28)

Of course, stability can also be obtained outside the given con-
ditions, by applying explicit energy control, i.e., switching off the
coils when dE /dt > 0.

Now approach 1 is considered. The linearized equations become

91” + k,,191’ + [kﬂl +4k1]91 = —ATII
92” + k,,29£ + [kpz + 3](2]92 = —Ale (29)
0y + k3605 + (k3 + k31603 = — AT,

whereitis evidentthatequationsare coupledthroughthe AT,; terms.
In this instance general stability is not automatically possible, and
so only switching off, under the dE /df > 0 condition, results in
stable solutions.

Althoughtheseconsiderations,basedon thelinearizedsystem, are
important for understandingand designing the system, only simula-
tions based on fully nonlineardynamics of the actual system provide
the actual behavior of the controlled spacecraft.

In the nonlinear case it can easily be seen, from Eq. (1), that the
ideal torque

T,=J-Q-JY-[U-QJ"r

~J-0) - w—Kp-i—Kpx] (30)

reduces the dynamics to the following reference behavior:

J x+Kp - x+Kp-x=0 31
with
Ji 0 0
x:{91392393}r J= 0 J, 0
0 0 &
klll O O
Kp=| 0 ko O

0 0 kg

Kp =
k1 + 4wt (L, — I;) 0 0
0 kps + 302 (1, — 1) 0
0 0 kys +awo(l, — 1)

Therefore, three decoupleddamped oscillators are again ideally ob-
tained by applying T;. From this torque the real control torque can
be computed by using approach 1 or 2 and switching off the coils
when the mechanical energy of the system increases.

Results

Equations (1-5), with T,; specified by Eq. (30) and T,. computed
from approach 1 or 2, have been used for computer simulations.
The gravity gradient torque and the magnetic field model given in
Ref. 4 have also been implemented, including a Keplerian orbit
model and aerodynamic disturbance torque. Three variants of the
linearizing feedback model reference method have been used for
computer simulations: MR (model reference) DT (residual delta
torque), approach 1; MR AB (switching), approach?2, constant gains
and alternate switching for roll and yaw [Egs. (20) and (21)]; and
MR AB VG (variable gains), MR AB with gains variableas function
of magnetic field ratios [Egs. (26) and (27)].

All these methods have been compared with that of Ref. 1 (named
CO for Cornell University) method and have been numerically in-
vestigated for almost equal conditions regarding power consump-
tion, identical initial conditions, and no disturbances. Figures 2-5
show the attitude and electric power consumption for the MR-AB
approach.Only derivative gains have been considered for these sim-
ulations in accordance with the choice made, based on the stability
considerations described. In Tables 1-6, the performances and pa-
rameters used for the methods proposed are listed in further detail.

Another element of comparison is behavior given the external
disturbances. For this purpose a standard disturbance has been de-
fined (Table 4). The system responses under these disturbances and
for the other conditions (identical to the described test cases) are
shown in Figs. 6-9, and the results summarized in Table 6.

The system performances are compared referring to 1) the peak
angles during the transientphase, 2) the characteristictime toreach a
steady state (e.g.,below0.1-degattitudeerror), and 3) the asymptotic
angles under disturbances.

Tables 5 and 6 clearly show that the MR-AB method gives the
best performances, avoiding high-peak angles and showing faster
convergence. The asymptotic response, on the contrary, is the same
for all cases.

Table 1 Spacecraft inertia and start conditions

Moments of Initial angles, Initial Euler
inertia, kg/m? deg rates, rad/s
I} =338 10 0
I, =353 10 0
I; =66 10 0

Table2 Orbital parameters

Argument of  Inclination, Initial Altitude,
perigee, deg deg anomaly,deg  Eccentricity km
0 0 0 0 300

Table3 Actuator parameters

Number Applied Cross section
of coils tension, V diameter, cm
212 28 220

Table4 Aerodynamic parameters

Center of pressure-center
of mass distance 1, 2, 3, m m m

0 0 —0.02 2.4 1.2

Length, Diameter, Atmospheric density
at 300 km, kg/m?3

2.75 x 10~
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Table 5 Test case with no disturbance

Degrees

Degrees

Degrees

Test Derivative gains Number of orbits Electric energy Peak angles, deg

case Method kd1 kan ka3 for steady state consumption j Roll Pitch Yaw
la CcO 70,000 100,000 20,000 25 3,200 10 10 44
2a MR DT 20 40 0.1 22 3,300 10 10 44
3a MR AB 0.9 0.5 0.3 17 3,200 10 10 23
4a MR AB VG 1.0 7.5 0.3 25 3,300 10 10 25

Table 6 Test case with aerodynamic disturbance

Test Derivative gains Number of orbits to Peak angles, deg
case Method ka1 kan ka3 reach steady state Roll Pitch Yaw
1b CcoO 70,000 100,000 20,000 27 10 10 41
2b MR DT 20 40 0.1 25 10 10 30
3b MR AB 0.9 0.5 0.3 20 10 10 22
4b MR AB VG 1.0 7.5 0.3 30 10 10 25
25 3500
204 3000
151 2500-]
10
» 2000
° §
o \,JV/\V Fng 15001
5] 1000
104 500
-15 T r T 0 T T T T T
o] 5 10 15 20 25 30 0 5 10 15 20 25 30
Number of Orbits Number of Orbits
Fig.2 Test case 3a: roll angle. Fig.5 Test case 3a: consumed energy.
25 25
20_ 20.
151 154
104
& 101
o
gl :
N TTTrev. g s
[y ol s
-5 VL A
-10 -5
-15 . . . : : -10 T : T T :
[¢] 5 10 15 20 25 30 0 5 10 15 20 25 30
Number of Orbits Number of Orbits
Fig.3 Test case 3a: pitch angle. Fig. 6 Test case 3b: roll angle.
25 25
20 204
15+ 154
10
8 104
@
o an g 5
A\
° v 0 MM/\/\/\N\WMNWW
51 U UU R
-104 -5
-15 T T T r : -10 - T T T T
o] 5 10 15 20 25 30 0 5 10 15 20 25 30
Number of Orbits Number of Orbits

Fig.4 Test case 3a: yaw angle. Fig.7 Test case 3b: pitch angle.
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25
201
154
& 10
@
o
& 5]
0 {\ A N
V
-5
10 5 10 15 20 35 30
Number of Orbits
Fig. 8 Test case 3b: yaw angle.
3.5
3_\/"\/“/'\’““—'
Taz
2.5

N*m
(Times 10E-5)
o

19 s
0.5
0 N .
A
-0.5 T T T T T
0 5 10 15 20 25 30
Number of Orbits

Fig.9 Test case 3b: aerodynamic torque.

Conclusions

A linear reference model magnetic damping control strategy for
a gravity gradient stabilized spacecraft has been developed. With
the reference model control theory an ideal control torque has been
generated, tending to force a reference behavior corresponding to
decoupled damped oscillatorsin pitch, roll, and yaw. The magnetic
torque, however, must be orthogonal to the magnetic induction vec-
tor at each point of the orbit and, therefore, cannot generate exactly
the desired action. Two approaches have been proposed for gener-
ating the actual control torque beginning with the ideal torque. The
first method is based on the torque closest to the ideally sought, the

second on torques with two components equal to the ideal. Accord-
ing to these methods three different model-reference-based algo-
rithms have been formulated. Stability has been discussed propos-
ing, in general, the free system mechanical energy as a Lyapunov
candidate function and an unconditional stability criterion for dis-
sipative control torques. Asymptotic stability is, therefore, always
obtainable by monitoring in-flight the system energy and switching
the magnetotorquers off whenever the energy tends to increase. A
priori criteria of reference model gains selection have been indi-
cated for two of the proposed approaches, which can consequently
also obtain stability without positive energy control. Finally, the
proposed strategies have been compared with each other (and with
respect to the approach of Ref. 1) by means of numerical simula-
tions in various representative conditions and with mostly identi-
cal power consumption. The results show the actual stable opera-
tion of the proposed algorithms and the better performance of the
one indicated as MR AB with respect to all others, including that
of Ref. 1.
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